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ABSTRACT: We study BPS solitons in ' = 6 U(N) x U(N) Chern-Simons-matter theory
deformed by an F-term mass. The F-term mass generically breaks N’ = 6 supersymmetry
down to N' = 2. At vacua, M2-branes are polarized into a fuzzy S® forming a spherical
M5-brane with topology R'Y2 x S3. The polarization is interpreted as Myers’ dielectric
effect caused by an anti-self-dual 4-form flux 74 in the eleven-dimensional supergravity.
Assuming a polarized M2-brane configuration, the model effectively reduces to the well-
known abelian Chern-Simons-Higgs model studied in detail by Jackiw-Lee-Weinberg. We
find that the potential for the fuzzy S° radius agrees with the one calculated from the
M5-brane point of view at large N. This effective model admits not only BPS topological
vortex and domain wall solutions but also non-topological solitons that keep 1/4 of the
manifest AN/ = 2 supersymmetry. We also comment on the reduction of our configuration
to ten dimensions.
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1 Introduction

No one doubts that understanding various aspects of low-energy effective theory of M2-
branes enables us to uncover mysterious properties of M-theory and non-perturbative
physics of string theories. Recently, Bagger, Lambert and Gustavsson proposed a three-
dimensional N' = 8 superconformal Chern-Simons model based a novel 3-algebra (BLG
model) [1, 2]. This model has been expected to describe the low energy effective theory of
two coincident M2-branes in eleven dimensions. However, it seemed difficult to generalize
their model to the case of arbitrary number of M2-branes.

Meanwhile, Aharony-Bergman-Jafferis-Maldacena proposed a three-dimensional N =
6 U(N) x U(N) Chern-Simons-matter theory with level (k,—k) (ABJM model) which
may be regarded as the low-energy effective theory of N coincident M2-branes prob-
ing C*/Z;, orbifold [3]. The model consists of gauge fields Au,flu, four complex scalars
ZA, W4 (A =1,2) in the (anti) bi-fundamental representation of the gauge group, and their
superpartners. The model is believed to be a dual description of M-theory on AdSy xS”/Zy,.

After the proposal by Aharony-Bergman-Jafferis-Maldacena, a lot of works on the ef-
fective theory of interacting multiple membranes have been studied. Among them, classical



solutions in the three-dimensional M2-brane world-volume theory attracted much attention
since these solutions can be interpreted as various configurations of branes existing in the
eleven-dimensional M-theory. In [4], a BPS fuzzy funnel configuration that represents an
M5-brane intersecting with multiple M2-branes was found.! A domain wall solution that
interpolates between fuzzy S3 and trivial vacua was found [6] in the ABJM model with the
D-term mass deformation. On the other hand, time evolutions of fuzzy S* and M5 /anti-
M5 configurations that are generically non-BPS were investigated in [7]. These results
provide some evidence that the ABJM model gives a correct description of the dynamics
of multiple membranes.

On the other hand, in [8], AdS4 x ST dual theory of M2-branes with reduced supersym-
metry was investigated following the prescription studied by Polchinski-Strassler [9]. The
author of [8] proposed a mass deformation of multiple membrane theory with N' = 2 world-
volume supersymmetry and studied a probe Mb5-brane in the presence of anti-self-dual 4-
form flux 7Ty in the eleven-dimensional supergravity. The vacua are spherical M5-branes
with topology R? x S3 sharing three dimensions with M2-branes. He conjectured that
there exists BPS domain walls that interpolate between various vacua in the model. How-
ever, the correct description of the mass deformed multiple M2-brane theory was not known
at that time. Note that the corresponding supergravity solutions were analyzed in [10, 11].

In this paper, we study the ABJM model deformed by an F-term mass which was first
introduced in [12]. The F-term mass generically breaks A/ = 6 supersymmetry down to
N = 2 preserving SU(2)giag global symmetry of SU(2) x SU(2) and the resulting model is
identified with the model studied in [8]. We find that a vacuum configuration of the model
is a fuzzy S3. We see that the radius of the sphere derived here coincides with the one
obtained in [8] at large-N identifying our vacuum as a spherical M5-brane with topology
R'? x §3. From the viewpoint of the M2-brane world-volume theory, this is nothing but
Myers’ dielectric effect [13] caused by eleven-dimensional supergravity flux Ty ~ m. We also
see that reducible configurations found in [12] are identified with a set of fuzzy S® shells.

In the latter half of this paper, we study various classes of BPS configurations with
polarized M2-brane geometry in the mass deformed ABJM model. Assuming a polarized
M2-brane configuration, we find that the Hamiltonian effectively reduces to that of the well-
known abelian Chern-Simons-Higgs system with sixth-power potential studied in detail
by Jackiw-Lee-Weinberg [14]. It has been known that this model exhibits an N = 2
supersymmetry in three dimensions [15] and admits BPS topological vortices and domain
walls. In addition, there exists non-topological soliton solutions [16] and a BPS supertube
solution [17]. We find that the potential for the S® radius in the effective Hamiltonian
has the same structure as found in [8]. Since the configurations corresponding to the BPS
solutions can exist only in the case of non-zero m, these solutions are supported against
collapse by the non-zero background flux Ty realizing a generalization of the Myers effect.

The organization of this paper is as follows. In section 2, we introduce the ABJM
model deformed by the F-term mass. Equations of motion and N' = 2 on-shell super-
symmetry transformations are derived. In section 3, we study the vacuum structure of

' A similar analysis in the BLG model has been performed in [5].



the model. We compare the radius of the fuzzy S% with the one found in [8] at large-N
finding agreement between them. In section 4, assuming an ansatz, we derive the effective
Hamiltonian that reduces to the abelian Chern-Simons-Higgs model studied in [14, 18].
The non-abelian property of fields is totally encoded into the “BPS matrices” first con-
structed in [12]. We then perform the Bogomol'nyi completion in the effective Hamiltonian
combining the kinetic and potential terms and derive the BPS equations. The consistency
between these BPS equations and the full equations of motion, as well as the number of
preserved supersymmetries are discussed. In section 5, parts of the exact and numerical
results of the BPS solutions are discussed. Possible interpretations of these solutions in
terms of eleven-dimensional M-theory are briefly discussed in this section. Section 6 is
devoted to conclusions and discussions. In appendix A, the explicit form of the BPS ma-
trices is presented. The N = 2 superfield formulation of the ABJM model can be found in
appendix B. The effective Lagrangian including fermion parts on the polarized M2-branes

can be found in appendix C.

2 The ABJM model

The ABJM model [3] is a (2+1)-dimensional N’ = 6 superconformal Chern-Simons-Higgs
model of level (k,—k) with U(N) x U(N) gauge symmetry. The model is expected to
describe the low energy world-volume theory of N coincident M2-branes probing C*/Z;,.
We employ the notation and convention of [19] but with a different normalization of the
U(N) gauge generators T such that Tr[T%T"] = 15, The bosonic part of the massless
ABJM action is

S = Skin + SCS + Spot ; (21)
where each term is given by
Skin = /d3x Tr | ~(Du2*) (D" 24 = (D Wa) (D' W) (2.2)
ko[ M 2 R
Scs = o [ dla T | 4,0, A\ + S AL A AN — A0, Ay — TALA AL (2.3)
78
472
Spot =~ 4Pz Tr [(Zf“zj1 +WHAW (2B 2L, - wBWg)(2€ 2L - wiCW)
H(Z 24+ Waw Y (Z2L 28 — wew B (ZL2¢ — wewiC)
—278 (2B 7, - wiBWg)ZzA (2L 2¢ — wewTC)
—oWtA(zh 2B — weWBYWa(2C Z), - W*CWC)]
1 2
2727 /d% Tr {WTAZ;WTCWAZBWC —WHZLWICWeZ2B W,

+ 2wzl 24 Wpz2¢ - Z\WE 2L 2 Wzt (2.4)

Here A, Au are U(N) x U(N) gauge fields, Z4, W4 (A = 1,2) are complex scalar fields
in the U(N) x U(N) bi-fundamental (N,N) representation. The world-volume metric is



N = diag(—1,1,1). The gauge covariant derivative is

D ZA = 0,24 +iA,Z" —iZ4A,. (2.5)
The gauge field strength is defined as

Fu =0,A, —0,A, +i[A,, A, (2.6)

and similarly for flﬂ. The common U(1) charge is fixed to +1. The model exhibits a man-
ifest SU(2) x SU(2) x U(1)g global symmetry. Under the each SU(2)s, Z4, W, transform
independently in the fundamental representation. Apart from this manifest symmetry,
there is an SU(2)r symmetry under which the fields Z', W (and Z2, W12) transform as
a doublet. It was discussed in [3] that the SU(2) x SU(2) global symmetry is combined
with the SU(2)g and enhanced to SU(4)r ~ SO(6)g. Therefore, for k > 2, the model has
N = 6 supersymmetry. We consider a trivial embedding of the world-volume in the space-
time. Namely, the world-volume coordinates (z°, 2!, 22) are identified with the space-time
coordinates (X°, X', X?). The four complex scalars Z A W4 represent the transverse dis-
placement of the M2-branes along eight directions X I'(I = 3,...,10). The orbifolding
symmetry Zj act as (Z4, WT4) — e%(ZA, WT4). The N = 2 superfield formalism of the
model can be found in appendix B.

The Gauss’ law constraint comes from the equation of motion for the gauge fields,

k
= =i [ZA(DPZA)T - (DPZA)ZH +i [WTA(DPWA) — (DPW4)! WA] L (2.7)

k ~
e Ey, =i [(DPZA)TZA - ZL(D”ZA)} +i [(DPWA)WTA - WA(DPWA)T] . (2.8)

The Noether current and charge corresponding to the following U(1) gauge transformation
(which we call baryonic U(1))

(ZzA, W) — elo(z4 Wi (2.9)

are derived as
ji = ~iT | 24D 2}, - ZLDr 7t - WaDrw A 4 WD, (2.10)
Qp =i / &%z Tr [ZADOZL — 28 Doz — WaDyW'A + WTADOWA] . (211)

Let us consider massive deformations of the model. There are two kinds of massive
deformations: F- and D-term deformations [12].2 Here we focus on the F-term mass
deformation. The superpotential is given by

W =Wy + oW, (2.12)
where
_ 1 /8 BD A c
Wy = 1\ eace” " Tr [Z WgpZ WD] , (2.13)

2See also [20] for massive deformations with reduced supersymmetries.



is the original superpotential in the massless ABJM model [19] and?
SW =mTr [Z2*W4], meR, (2.14)

is a mass term which breaks the SU(2) x SU(2) global symmetry down to SU(2)giag and
keeps manifest the A/ = 2 supersymmetry. This is different from the D-term mass deforma-
tion which keeps the manifest SU(2) x SU(2) x U(1)g X Zy symmetry and would preserve
N = 6 maximal supersymmetry [12]. Here the Zo transformation swaps Z4 and WT4. Tt
is easy to derive the equation of motion for the scalar fields. The full equation of motion
for Z4 is
D,D'Z4 = (%) [(ZBZ; —WBWg)2ZA + (2 2z}, - WiCWe) (2P 2L, + wiBwg)ZA
(2975 + WiWe) (2B Z, - wiBw)ZzA + 242528 — wpwiB)?
+7A4(Z5 28 — wpWtB)(ZL2¢ + wewiC)
+2M 2528 + WpWTBY(ZL2¢ — WwewTC)
22878, - WiPwp) 2425, 2¢ — wewic)
—278(2L2¢ —wewT) zhz4 — 22471 (Z2B 71, — wiPwy)Z¢
—27 Wp(2€ 2}, - WICWo)WTB — 2w (21,28 — wpwiB)wez4
—AWTCWRZAWW T 4 aWTCW o 2AWpWE — 4w T8 7z 7AW 2¢

—47WpZAZLWTE - awtB 2L 2O W24 + az4 W 2© zgwa]
4
m? 24— LA e (WHEWoW P 428 2L WP+ WP 2], 20 + 25 W 2P)
(2.15)
The equation of motion for W4 is obtained by replacing Z4 with W4 in the above

expression.

For later convenience, we derive the Hamiltonian of the model. The Chern-Simons
part gives a vanishing contribution because it is a topological quantity. However, the
gauge fields enter in the Hamiltonian through the covariant derivative. The result is

H= /d% Tr [|DoZ ) +|DiZ4)” + |DoWal* + | DiWal* + Vicatar] , ~ (2.16)
where the potential part is
‘/;Calar =Vp+ VF, (217)

472 2
Vp = k—ZTr “ZBZLZA — 747,28 - wiBwgzA 4+ ZAWBWTB(

2
+ ‘WTBWBWTA — wiAWEWtE — ZBZLwTA 4 WTAZLZB( ] , (2.18)

6472 || km L s o P lkm a4 1 4 s ool
Vi = —QTI‘ — WA+ —€cace” " WpZ"Wp| +|—2Z" — ="V eppZ°"WeZ .
k 8T 2 8 2
(2.19)
*Note that its “conjugate” part is given by §W = fmTr[V_VAZ_’A]. The minus sign in front of m comes

from the extra minus sign of the components in a “conjugated” superfield [19]. See appendix B.



As we mentioned, the model exhibits at least A/ = 2 manifest supersymmetry. It can
be shown that the model is invariant under the following (on-shell) " = 2 supersymmetry,

674 = V/2e¢H, (2.20)
SWa = V2ewa, (2.21)
8¢ = V2eF +iV2e(— 246 + 0 Z1) + V2inteD, 27 (2.22)
Swa = V2eGa +iV2E(—Wao + 6Wa) + V2iy"eD, W, (2.23)
i _ T,
0Ay, = _E(E’YMX) - ﬁ(e'YuX) ’ (2.24)
. 1 . T,
0A, = _E(GWX) - E(GWX)’ (2.25)

where (4, w4 are fermionic partners, and F4, G4,0% 6% x, X are auxiliary fields whose
equations of motion are given in (B.10)—(B.14) in appendix B. The supersymmetric trans-
formation is achieved by the operator § = €Q + €Q where Q, is a supercharge and € is a
two component complex spinor.

3 Vacua as dielectric M2-branes

In this section, we discuss the physical meaning of our F-term deformation and investi-
gate the vacuum structure of the model. For the massless ABJM model, there is a dual
description as M-theory on AdS; x ST at large-N.* We can perturb the AdSy x S7 side
by turning on a non-trivial supergravity flux which causes additional terms on the dual
M2-brane side. Indeed, in [8], Bena considered a mass perturbation of the theory of N

coincident M2-branes. Its fermionic part is given by

4
0L = Re (mZA%) . (3.1)
I=1

Here A; are complexified Majorana fermions living on the M2-branes. The mass term
keeps at least N/ = 2 supersymmetry of the N' = 8 maximal supersymmetry. The mass
terms for the scalar fields break SO(8)r symmetry down to SO(4)r. We will discuss this
issue of global symmetry a little bit in detail later. The author of [8] conjectured that the
deformed model is given by a superpotential of the form

4
W ~ 21292324 + mz 22, (3.2)
I=1
where 2, = Zqt2 + 116, (@ = 1,...,4) are N' = 2 chiral superfields whose lowest com-

ponents are complex scalars representing fluctuations along transverse directions to the
M2-brane world-volume. The non-zero mass parameter on the M2-brane side was iden-
tified with non-trivial anti-self-dual constant 4-form flux 7 on the supergravity side via

“We here focus on the k = 1 sector where the orbifolding by Zj becomes trivial. However, we expect
that the results in this section hold even for the k > 1 case.



AdS/CFT duality. The 4-form flux has a non-trivial value in the directions transverse to
the M2-branes. The “(anti) self-dual” means that the flux satisfies

1
?Q’jklmnomenop = ijjijlcl 5 (33)
where €5, is the eight-dimensional epsilon tensor and indices ¢, j,... run from 3 to 10.

One may imagine that the M2-branes are polarized due to the background flux form-
ing another higher dimensional brane in eleven-dimensions. The most natural candidate
of this higher dimensional brane is an Mb5-brane. Indeed, the vacuum structure of this
deformed model was studied through an examination of a probe M5-brane with N-units
of M2-brane charge in the AdS; x ST perturbed by the flux. For the case of four equal
masses, which is our concern here, the supersymmetric vacuum is a configuration of an Mb5-
brane with geometry RY2? x §3. Its R"? directions are shared with the M2-branes while
other three-dimensions are wrapped on an S3 inside the S7. The radius r of the S3 was
derived by evaluating the M5-brane action via the Pasti-Sorokin-Tonin and Perry-Schwarz
approaches [21, 22]. Its “potential” term at large-N is [§]

V(z) = 2508 _grmays)?, (3.4)
4A
where A = 47 N/M3, and My is the eleven-dimensional Planck mass. Here we have added
the overall M5-brane tension 75, which was ignored in [8], and we have restricted ourselves
to the 3456 plane in the 3-7, 4-8, 5-9, 6-10 planes using SO(4) rotations [8]. From the
result (3.4), we find a supersymmetric vacuum

9 m
T o~ N— . (3.5)

My
Apart from the non-zero radius, there is also a trivial vacuum r = 0. Therefore there should

exist a domain wall solution which interpolates between these vacua. It was conjectured
that the tension of a domain wall is

TDW ™~ m2N2. (3.6)

The above situation can be extended to the case that the N M2-branes are uniformly

distributed on more than one 3-sphere, with M5-brane charges. The potential felt by a

probe M5-brane with M2-brane charges is still written by (3.4), but with a different radius

rp and M2-brane charges ny. Its form is given by (once again restricting to the 3456 plane),

375

V= ; 4—Ab(r§’ — drymAy/3)?, (3.7)

where A, = 4mny/M3,. Therefore the ground states form M2-brane 3-sphere shells with
radii 7, = 4mAy/3.

With these results in mind, let us return to our model. The ABJM model deformed by

the F-term mass is given by the superpotential (2.12). This is just the superpotential (3.2)



conjectured in [8]. Tts fermionic part Re(2mTr[(4w4]) is nothing but the equation (3.1)
via the identification

I %(AA +iA T2y wa = %(AA — iAT2). (3.8)
The mass perturbation part (2.14) keeps SU(2)giag Which is a subgroup of the expected
R-symmetry group SO(4)r. However, we remind the fact that for the massless ABJM
model, the global SU(2) x SU(2) symmetry does not commute with the SU(2)g, they
combine giving an SU(4)r symmetry. This mechanism of symmetry enhancement would
be true even for our case. Although it is not manifest here, the remaining SU(2)giag global
symmetry would be combined with SU(2)r generating SU(2)giag X SU(2)r ~ SO(4)Rr.
The supersymmetric vacuum of our model can be obtained as follows [12]. Assuming
a configuration

ZA =Wt = f,584, foeC, (3.9)

the condition Vp = 0 is automatically satisfied. Here S4 are BPS matrices [12] presented
in appendix A. The F-term condition

ow <kzm 1

ow _ (km 1 ow km 1
ozA 8t 2

|f0|2> JEOSL:O, m = - 8—7T_§|f0|2> foSAZO (3.10)

yields the following vacua

AM:AM:(L ‘f0’2:07 Z—:_la (311)
where fo = 0 is a trivial vacuum. At the vacuum corresponding to fo # 0, the U(N) x U(N)
gauge symmetry is broken to U(1) x U(1). One of these U(1)s is the “baryonic U(1)”,
eq. (2.9), and the other one being an independent rotation of a degree of complexity
freedom which decouples when the ansatz (3.9) is used. To see the physical meaning of
fo # 0 solution, let us define the following combinations of the transverse fluctuation modes

U =-(z4+wty, (A=1,2). (3.12)

N |

Due to the ansatz Z4 = W4, only U _f is non-zero. Therefore half of the eight transverse
degrees of freedom X! (I = 3,...,10) is now dropped and this configuration is nothing
but a fuzzy S? with radius

2
- NT

Lovophm o™ (NS o). (3.13)

R? —
T2 2w Mirsl

TULUt ) =

Here 15 is a tension of an M2-brane. We have used the relation that the p-brane ten-
sion in eleven-dimensions is given by T}, = (27?)_1”MflJr . This result coincides with the
equation (3.5) obtained from the dual M5-brane description. Therefore the vacuum con-
figuration (3.11) is interpreted as polarized M2-branes caused by the background flux T}
with its VEV m. This is just an M-theory realization of Myers’ dielectric effect [13].



Because the model admits vacua fy = 0, fp # 0 and in each sector they have different
values of the superpotential, there is a domain wall solution that interpolates between them.
Indeed, it is easy to find such a solution with vanishing gauge fields. The Bogomol'nyi
completion of the energy density for the configuration Z4 = Z4(x1), Wa = Wa(z;) with
vanishing gauge fields is

E = /d.%'l Tr |:3le31ZL + 81WA31WTA +Vp + VF}

= /dac1 Tr

4 2
Oz — mwita 4 %GAC eppW 1B ZL, WP

+ WA —mzA + %EABGCDZCWBZD 2 +Vp| +T, (3.14)
where the surface term is
T =— / da! 8, Tr [—mZAWA - Q%EACeBDZAWBZCWD
—mWHAZl + 2%6140 eppZ WP zgww} : (3.15)

The BPS equations are obtained by requiring that Vp = 0 and the vanishing condition
inside the absolute values in the equation (3.14). A solution to these equations is given by

k m

ZA _ tA — A 2 -
W f(xl)S ) f (.%'1) 47T 1 + 672m:131

, (3.16)

which also satisfies the Gauss’ law (2.7) and (2.8). This solution is just the one first found
in [6], but they obtained it in the D-term deformed theory.
We can see that the solution (3.16) keeps a half of N' = 2 supersymmetry specified by

Q1 = Q1 £iQ2, (3.17)

while the one in [6] would keep half of the maximal N' = 6 supersymmetry. The tension of
the domain wall is evaluated as

km?
T=NN-1)7—~ m2N?, (N — 00). (3.18)
7

This agrees with the result (3.6).

Before going to the next section, we would like to consider the reducible vacuum solu-
tions discussed in [12]. Because the BPS matrices S4 for any partition of N do satisfy the
vacuum condition, there is a set of reducible solutions that is obtained by replacing S by

S#,
54 = e : (3.19)
A

Here Ny, (b=1,...,1) satisfy Zé:l Ny = N and S]‘é,b are the BPS matrices in an Ny, dimen-
sional representation. We will see in a later section that these vacua correspond to a set of
fuzzy S3 shells with different values of the radius and that the potential is written as in (3.7).



M5 junction M5

Figure 1. A schematic picture of a domain wall solution.

It is possible to capture the brane configuration corresponding to a domain wall
interpolating between one of the reducible vacua constructed, for example, by SA =
diag(Sf\lfl,ON_ N,), Ni < N at 1 = —oo and the irreducible vacuum with dimension N
at 1 = 4o00. It is easy to show that the large-IN behavior of its tension is the same as
in (3.18). Following the discussion in [8, 9], in the region z; < 0, the configuration is in-
terpreted as an M5-brane extending in the (2°, 2!, 22) directions and wrapping an S® with
M2-brane charge N; while in the region x1 > 0, it is an M5-brane extending along the same
directions and wrapping an S3 with charge N. They are generically both bent and meet at
a point 1 = 0. Because of charge conservation, another new Mb5-brane with charge N — NV}
should exist at that point. This is a kind of brane junction. Because all M5-branes meet at
a point, one direction should be supplemented for the new Mb5-brane. This is possible if we
consider a ball B* instead of a sphere S3. Therefore the other new M5-brane is extending
along the (2°,22) directions and filling a four-ball B with its surface S3. A schematic

picture is given in figure 1.

4 Effective Hamiltonian and BPS equations

In this section, motivated by the discussion in the previous section on the spherical M5-
brane at the vacuum, we study the effective Hamiltonian for the configuration of polarized
M2-branes. We will see that the potential for the radius of this configuration coincides
with (3.4) at large N. Consider an ansatz

ZA:WTA:f(x)SA’ ZL:WA:f(x)S,TA’ f(CE)EC,
A, = a,(x)SPSh, A, = a,(z)SLSP, a,(r) € R, (4.1)

where S4 are the BPS matrices. This configuration represents the M2-branes polarized
into a fuzzy S®. The physical radius of the fuzzy S2 is given by

2N — 1)

2 _
R” = T

|f (). (4.2)

,10,



Under the ansatz, the covariant derivative becomes

DuZ" = (0uf () + ia, f(x))S* = (Duf(x))S4, (4.3)
while the gauge field strength satisfies
= (Ouay — D,0,)SBSY, = £,.,885%, (4.4)
Fu = fuwShESE.
The equations of motion for A, and flu reduce to the following equation for a,,

e = 20( D] — FDPF). (4.6)

For the case of the ansatz (4.1), we have

R £ U SV VR (S W
=0, = (Gm-5lP) ISk g = (e glP) st )

Therefore, from the equation (2.16), the effective Hamiltonian for the polarized M2-branes

(———5ﬂﬁ1. (48)

This is nothing but the Hamiltonian for an abelian Chern-Simons Higgs model studied
n [14, 18, 23] and [17]. Note that all the non-abelian structures in the model have been
encoded into the overall factor N(N — 1) by the help of the BPS matrices. Although the
gauge symmetry has been effectively reduced to the abelian symmetry, the Hamiltonian
still describes N M2-branes.

It is known that the abelian Chern-Simons-Higgs model with the potential given in (4.8)

is given by

6471'

H =2N(N -1) /d%

exhibits a three-dimensional N' = 2 supersymmetry [15] and admits various class of BPS
soliton solutions. See appendix C for the full structure of the Lagrangian including fermion
parts. Following the analysis in [17], we find a Bogomol'nyi completion of the energy,

7

+BcosaFScosaFPsina+ Tsina. (4.9)

2
H =2N(N -1) /d%

4
‘Dof:tif <m— %|f|2> cosa & Dy f sin «

4
+|D1f FiDyf cosa F f <m— %|f|2> sin v

where we have used the gauge field equation of motion. Therefore we have an energy bound

E>2N(N —1)/(B -8)2+ (P — T)2. (4.10)

— 11 —



Here the following quantities have been defined,

B= Z—r /d% B, B=fi, (4.11)
S=i [ [u(Da]) - 07D f)), (412
P= / d*z [DofDsf + DafDof] . (4.13)
T= /d% D, <m|f|2 - 2%|f|4> . (4.14)

Here B, S, P, T are (time integrals of) the magnetic flux, the angular momentum, the linear
momentum along x? direction, the tension of a domain wall. The energy bound (4.10) is
saturated when the angle « satisfies the following condition

B-S T-P

cos o = NCES S sina = JBoSIL PR (4.15)

The baryonic U(1) charge (2.11) for our ansatz is evaluated as

Qp=2iN(N —1) / &z [fDof — fDof]. (4.16)
Using the equation of motion for the gauge field, we have the relation
k 2
Qb:—Q—N(N—l)CD, b= [dz B. (4.17)
™

The Noether charge is proportional to the magnetic flux. This is a specific property of
Chern-Simons solitons. From the Bogomol'nyi completed form of the Hamiltonian (4.9),

we obtain the BPS equations,
. 47 2 .
Dof £if m—?]f] cosa+Dyfsina =0, (4.18)
. 47 9 .
Dif FiDyfcosa F f m—?|f| sina = 0. (4.19)

Requiring that the supersymmetry transformations (2.22) and (2.23) of the fermionic fields
vanish combined with these BPS equations yields the following conditions,

€t yg/ﬁﬁ cos o £ iwéQEﬁ sina = 0, (4.20)
:Fi'ygﬁéﬁ sina F ’yéﬁéﬁ cos o + i’ygﬁé =0, (4.21)

where 756 are the three-dimensional y-matrices given in appendix B. This tells us that the
BPS equations retain a quarter of the N’ = 2 supersymmetry, specified by the effective
supercharge (in the case cosa = 1)

Q=Q1+iQ2+iQ1 F Q2. (4.22)

- 12 —



One should be careful about the above procedure deriving the BPS equations (4.18),
(4.19). We first assumed an ansatz and derived the effective Hamiltonian (4.9) which is
valid only for the special configuration (4.1). There is a possibility that the BPS equations
are not consistent with the original equations of motion. Let us check this issue. Once the
equations (4.18), (4.19) are satisfied, we have

16mm

7T2
DD = = S+ 3 (- ) 11 (4.23)

This is the equation of motion (2.15) for Z4 = W14 for the ansatz (4.1). Therefore the
BPS equations (4.18), (4.19) are consistent with the full (second order) equations of motion
for Z4, W 4.

Note that in terms of the physical fuzzy S® radius R, the potential term in the equa-
tion (4.9) becomes

Am® NT3R? (N — 1)km\?
V(R)= ——2_ (R?—— " . 4.24
( ) k‘2(N— 1)2 ( 27TT2 ) ( )
At large N, this gives
Ty (5 kmN_\°
V(R) ~Ts—= ( R® — ———R 4.25
(R) ~ 15 2 ( o ) | (4.25)

where we have used T, = (27) P MP.

After a trivial rescaling of R, the result agrees with the potential (3.4) evaluated from
the spherical M5-brane.” Once we consider the reducible ansatz S4 — S4, the potential
is a sum of the each S]‘i‘,b sectors, i.e., it is given by

LT kmN, 2 !
2
V(R) ~ ZT5FI, <R1§ — ——2Rb> , ZNb =N. (4.26)
b—1

This has the same form of the potential for the M2-branes distributed over a 3-sphere (3.7)
giving a 3-sphere shells of M2-branes [8]. Therefore the reducible configuration can be
interpreted as a set of N, M2-branes polarized into fuzzy S° spheres with radii R;. See
figure 2 for a schematic picture.

A comment on this reducible configuration is in order. We have ignored off-block-
diagonal parts of S4 to derive the equation (4.26). The result is the sum of the potentials
for the radii Ry inside NV, stack of M2-branes without any interactions among each stacks.
Once we turn on the off-block-diagonal parts, it represents interactions among each stack
of M2-branes and hence, in the dual picture, interactions among M5-branes.

5Strictly speaking, to compare the result with the dual supergravity side, we need to consider the
reducible configuration (3.19) with two separated bunches of M2-branes. Assuming that the number of
M2-branes in one of the bunches is larger than in the other one, the former can be considered as the source
of the AdSs and the other can be identified with the probe Mb5-brane.

,13,
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Figure 2. A schematic picture of the reducible fuzzy S® shell configuration for [ = 2 case. A
number of N1 = 2, Ny = 3 M2-branes are polarized around Ry ~ /N7 and Ry ~ v/ Ns.

5 Solutions

In this section, we explore solutions for the BPS equations (4.18), (4.19). Since it is difficult
to find solutions for general cases, we focus on the simplest situations. Let us first consider
the cosa = 1 static case. In this case (T — P) must vanish and the energy bound is given
by B and S. The BPS equations reduce to

k 9 dr o\
B (m = IR = 0. 52

This is nothing but the equation (14) in [18]. Following [14], we now assume an ansatz

f(r,0) = Ag(r)e™ A2 = Z—t’:, g(r) eR, (5.3)
a;(r) = eijg[a(r) —n] (1=1,2), (5.4)

where (r,0) are polar coordinates in the M2-brane world-volume and n is an integer. The
BPS equations (5.1), (5.2) reduce to

¢(r) = Fra(r)gr), (55)
“O) _ o) (62(r) - 1) (5.6

Here the prime stands for the differentiation with respect to r. Requiring a;(r) and g(r)
to be non-singular at the origin, we obtain boundary conditions

a(0) —n =0, ng(0) =0. (5.7)

On the other hand, the condition of finite energy is requiring that the scalar field settles
down to its vacuum configuration at infinity, namely,

0 (symmetric phase),
_ 5.8
9(o<) { 1 (broken phase). (5:8)
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From the equations (5.5), (5.6), we obtain
1
(ng*)" + —(Ing?)’ + 4m?¢*(1 - g*) = 0. (5.9)

When g is small, the O(g*) term can be neglected and we can find an explicit solution [14].

o) = Y2 1Y 4 ()] (5.10)

Here rg, s are arbitrary constants. The energy density for the ansatz (5.3) and (5.4) is

That is given by

given by
E = / dré, (5.11)
0
E =A4rrN(N — DA | ( ’)2+ﬁ+ o 2+m2 2(g* — 1) (5.12)
N g r2 2mrg 9\ ’ ’
The magnetic charges and angular momentum are also readily written down as
o = k:Tm /dra'(r), (5.13)
S =2n\” [ dr(2a()g(a)g () + ' ()" (). (5.14)

and P = 0 and T = 0. Considering the boundary conditions (5.7) and (5.8), (5.13)
and (5.14) become

k
o= —7’% +ta), S=-2m\ap (5.15)
where av = —a(00) and [ = g(o0). In the following analysis, we consider the case B < 0,

which corresponds to choosing the plus sign in (5.3) and (5.4). We will also see that S = 0
for all the cases we will discuss below. Because the detailed study of the global structure of
these solutions has been performed in [14], we just briefly describe the solutions according
to the boundary conditions.

5.1 Vortices

First consider the case of the boundary condition g(co) = 1. For the n = 0 case, the
only solution is the vacuum configuration, g(r) = 1 and a(r) = 0. Thus it is just the
spherical M5-brane discussed in section 3. For the n # 0 case, a topologically non-trivial
configuration appears, which connects the boundaries ¢g(0) = 0,a(0) = n and g(co) =
1,a(o0) = 0. They are vortex solutions. Although no explicit solution of the equation for
this boundary condition is known, it is possible to solve it numerically. In figure 3, we plot
g(r) and a(r) for the n = 1 solution and its corresponding energy density. We also show
the magnetic flux density in figure 4. We can see that the topological charge is given by the
magnetic flux & = —k%. As can be seen in figure 3, in almost all of the region of the M2-
brane world-volume, the configuration represents the vacuum fuzzy S® discussed in section

3 but at the origin, there is a “dimple” inside which the full supersymmetry is recovered.

,15,



151

10+

05

6 8 10 2 4 6 8 10

Figure 3. The left figure shows the profiles of the function g(r) (solid line) and a(r) (dashed line)
for the topological vortex with m = 1. The right figure shows the behavior of corresponding energy
density with k =1 and N = 2.
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Figure 4. Plots of the absolute value of the magnetic flux density with £ = 1 and m = 1. Solid,
dashed, dot-dashed lines correspond to vortex, Q-ball and non-topological vortex, respectively.

5.2 Q-balls

Next we consider the case g(oco) = 0 and n = 0. In this case, the scalar function f(x)
approaches the trivial vacuum and therefore all configurations are topologically trivial.
The gauge field part a(r) starts from the boundary a(0) = 0 and approaches some value
a(oo) which characterizes the value of magnetic flux ®. The magnetic flux is given by the
U(1) Noether charge through the relation (4.17). This kind of solution is called a Q-ball.
This is a lump-like object localized on a ring which surrounds the origin. Around the origin,
the fuzzy S has non-zero radius but the full supersymmetry is generically broken there.
This is because the value of g(r) at the origin need not to be the value in the vacuum. The
situation is similar at infinity where the fuzzy sphere collapses into zero size but the gauge
field has non-zero value. The plots of the solution and corresponding energy density are
shown in figure 5. The behavior of the magnetic flux is shown in figure 4.
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Figure 5. The left figure shows the profiles of the function g(r) (solid line) and a(r) (dashed line)
for the Q-ball solution with m = 1. The right figure shows the behavior of corresponding energy

density with k =1 and N = 2.
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Figure 6. The left figure shows that the profiles of the function g(r) (solid line) and a(r) (dashed
line) with m = 1. The right figure shows the behavior of corresponding energy density for the
non-topological vortex with £k =1 and N = 2.

5.3 Non-topological vortices

Here we consider the case g(oo) = 0 and n # 0. The solutions in this case are hybrids
of the previous two cases. The large distance behaviors of g(r) and a(r) are the same as
those in the Q-ball case, while they are similar to the vortex solution around the origin.
These types of solutions are called non-topological vortices. Again, around the origin, the
supersymmetry is recovered. We show the plots of this type of solution for the n =1 case,
its energy density in figure 6 and the flux density in figure 4.

5.4 Gauged domain wall

Next, let us consider cosa = 1 but non-static case. The BPS equations (4.18), (4.19)
reduce to

Dof tif <m—4%\f\2> =0, (5.16)
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Considering the upper sign in the equations and assuming the following ansatz

f(t, @1, 20) = play)e”mEFT2) #(x1) € R, (5.18)
ag(21) = az(z1), a1 =0, (5.19)

the equation (5.16) implies
4
apg — a = ?(ﬁQ(Z’l) . (5.20)
On the other hand, the equation (5.17) reduces to
AT 4
O1¢p —mo + ?(JS =0. (5.21)

The gauge field equations of motion are satisfied provided ¢ satisfies the equation (5.21).
Solutions of (5.21) are

k m

2
=— 5.22
0@ = T TE Ae e (5.22)
where A > 0 is an integration constant. This solution was first found in [17] and was

there called a “supertube” solution. The solution which has plus sign in front of A = 1

corresponds to a domain wall which interpolates between ¢?(—oc0) = 0 and ¢?(+00) = ]Z_ZL'
At 1 = +o00, it describes an M5-brane wrapping an S while at 2; = —o0, it is the trivial

vacuum. Although we are considering the cosa = 1 case, and hence T — P = 0, each T
and P have non-vanishing values. Indeed, the tension and the momentum for the solution
are the same value T = P = km2/872 and S = 0. This fact means that the domain wall
tension is canceled by the momentum and makes it bend freely [17].

This solution would be interpreted as a brane configuration by following the discussion
in section 3. In the solution, ¢(x;) part corresponds to the 1/2 BPS domain wall solu-
tion (3.16). An M5-brane at z; > 0 bends and an M5-brane filling B* may appear at the ori-
gin. On the other hand, the phase factor e="(!+%2) acts as a rotation in the 3-7, 4-8, 5-9, 6-
10 plane [8]. This can be seen by decomposing Z4 = XA+2 4 XA+6 Jyfa = xA+d L jxA+8
where the X and X parts correspond to hermitian and anti-hermitian parts of the bi-
fundamental scalar fields. Therefore, the solution can be interpreted as a configuration of
the bent branes rotating in time and its angle also depends on xs.

6 Conclusions and discussions

In this paper, we investigated the ABJM model deformed by an F-term mass. The mass
term generically breaks N' = 6 maximal supersymmetry down to N' = 2. A vacuum
of the model corresponding to an irreducible representation is found to be a fuzzy S3
representing an M5-brane with topology RV? x S3 at large-N. We find that the radius of
the sphere coincides with the one found in [8]. The tension of the domain wall solutions
is evaluated and compared with the result of the dual Mb5-brane calculation. With this
observation, we identified the F-term mass m as the VEV of the anti-self-dual 4-form flux
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T} in the eleven-dimensional supergravity that was introduced in [8]. Therefore the vacuum
configuration can be interpreted as Myers’ dielectric effect making N M2-branes puff up
into a fuzzy sphere.

In the latter half of this paper, we assumed a polarized M2-brane configuration. We
showed that the mass deformed ABJM model reduces to the abelian Chern-Simons-Higgs
model with 6th power polynomial potential studied in detail by Jackiw-Lee-Weinberg [14].
The potential part of this effective model is just the potential for the radius of the spherical
M5-brane. This effective model admits not only BPS topological vortices and domain walls
but also non-topological vortices and Q-balls. We find that these BPS topological /non-
topological solitons preserve 1/4 of the manifest N = 2 supersymmetry. Because these
solutions can exist only in the m # 0 case, these configurations are supported against
collapse by the non-zero background flux Ty. The situation is quite similar to the massive
BLG model where various BPS soliton solutions are possible [24, 25].

A comment on the number of supersymmetries is in order. In the massless ABJM
model, SU(2) x SU(2) global symmetry together with SU(2)r symmetry gives SU(4)p ~
SO(6)r implying the existence of NV = 6 supersymmetry. Indeed, in [4], the explicit on-shell
N = 6 supersymmetry transformation of component fields was found. Our case is similar to
the massless ABJM model. The global SU(2)xSU(2) symmetry is broken down to SU(2)giag
by the mass term. However, this SU(2)gias does not commute with the remaining SU(2)g.
These two SU(2)s are combined into an SO(4)r which would imply an enhancement of
N = 2 supersymmetry to N' = 4. Presumably, this supersymmetry is enhanced to the
maximal one since our deformation term (2.14) (together with its conjugate term) does
not break the U(1)g and Zs symmetries and these are combined with the SU(2)s giving
SU(2) x SU(2) x U(1)gr x Zg symmetry as discussed in [12]. Although we do not present it
here, it would be possible to explicitly find the enhanced supersymmetries by the Noether
method or requiring that the supersymmetry algebra closes.

Another important issue is the understanding of the solution in the dual spherical M5-
brane world-volume picture. Because our effective potential is identified with the radius
potential of the spherical M5-brane in the presence of the anti-self-dual 4-form flux, the
BPS solutions discussed in this paper correspond to BPS configurations of this spherical
Mb5-brane. It seems possible to find these BPS configurations by promoting the constant
radius 7 in (3.4) to a “field” r = r(xy,x2) on the M2-brane world-volume and solving
the BPS equations obtained from the promoted spherical M5-brane action. This issue is
beyond the scope of this paper and we leave it for future work.

Finally, let us comment on the dimensional reduction of the ABJM model. Since the
ABJM model describes N coincident M2-branes in eleven dimensions, once we compactify
one direction along the M2-brane world-volume, the model should describe the low energy
effective theory of N coincident fundamental strings (F1) in type IIA string theory. This
theory is similar to the matrix string theory [26] representing a polarization of the F1 due
to the background flux. The configuration corresponding to the M2-branes polarized into
the M5-brane now reduces to fundamental strings polarized into a D4-brane.® The anti-

A similar configuration for F1 polarized into D2 was studied in the dilute set of DO-branes having the
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self-dual 4-form flux in eleven-dimensions is reduced to the anti-self-dual RR 4-form flux
in ten-dimensions. The multiple F1 is polarized into a fuzzy S® due to this flux. Since the
potential terms both in the M5-brane action and the massive ABJM model do not change
under the dimensional reduction, the discussion in section 3 holds even for the D4/F1 case
implying AdSs/CFT; duality.

On the other hand, the effective Lagrangian for the polarized M2-branes discussed in
section 4 reduces to the one for the polarized F1. One component of the gauge field a,
becomes an auxiliary field after the dimensional reduction. The resultant theory is a new
two dimensional BF-like theory. We find that this model is exactly the one studied in [28].
It was shown that the model exhibits N' = (2,2) supersymmetry in two-dimensions and
have a BPS domain wall solution. It would be interesting to examine this solution in terms

of brane configurations in ten-dimensions.
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A BPS matrices

The explicit form of the BPS matrices was first constructed in [12] to find a vacuum of the
mass deformed ABJM model. The BPS matrices satisfy the following conditions,

54 = sBglgA — gAghgb (A.1)
st = 51585t — sLsBsl . (A.2)

The explicit form of the matrices satisfying the above conditions is given by
(S = V=10, (SDn = VN = mbmiim (A.3)
s's] = diag(0,1,2,...,N —1) = §{S", (A.4)
516% = diag(N —1,N —2,...,1,0), (A.5)
5251 = diag(0,N —1,N —2,...,1), (A.6)
S184 = (N = D)1nun. (A.7)

Therefore we have

TrsAsh = eS| s4 = N(V - 1). (A.8)

F1 charge [27].
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These matrices satisfy the following relations,

eopSCSISP = eapSP ., CPSLSAST = —APST (A.9)

caceCl = 6,48, ACeccp =65, 2= _—ep=1. (A.10)

B N = 2 superfield formulation of ABJM model

Here we briefly review the N' = 2 superfield formulation of the mass-deformed ABJM model
given in section 2. We follow the same notation as in [19]. In terms of N' = 2 superfields, the
mass-deformed ABJM model is described by chiral superfields Z4, Wy, Z4, WA (A = 1,2)
and two vector superfields V, V. The chiral superfields ZAWA(A = 1,2) and Z4, WA
transform in the bi-fundamental representations (N, N) and (N, N) under U(N) x U(N),
respectively. They are expanded in components

Z(xp) = Z(xr) + V20¢(x1) + 0°F(x1), (B.1)
Z(wr) = Z(xr) — V20(' (zr) — 0°F'(2R) (B.2)
W(zr) = W(zr) + V20w(zr) + 0°G(xr), (B.3)

W(zgr) = Wi(zr) — V20w' (zr) — 02GT(xR). (B.4)

Here o} = a# 4 i(6y"0) and 2, = 2# — i(6#6), where 7/ ; are the three-dimensional -
matrices defined by 756 = (—1,—03,0'). The vector superfields V and V transform in the
adjoint representations (adj, 1) and (1,adj) of U(N) x U(N). The component expansion
in the Wess-Zumino gauge is given by

V(z) = 2i000 + 207"0A,, + V2i0%0x — V2i0*0% + 6%6°D (B.5)

and similarly for V. The action in terms of N = 2 superfield is written by

S = Skin + Scs + Ssp (B.6)
where
Skin = /d3xd49Tr <—ZA€7VZA€79 — WAe*fjWAev) , (B.7)
Scs = ;i / Brdto / Aty (VD (e Doe™) ~ VD (¥ Doe™™)) . (BS)
Sep = 8]: ( / Brd0W (2, W) + / BrdOV(Z W)> (B.9)

where the superpotential is given by (2.12), (2.13) and (2.14). Substituting the expres-
sions (B.1)—(B.5) into the action and integrating over the Grassmann measure one obtains
the off-shell component action. Further elimination of the set of auxiliary fields yields the
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on-shell component action. The equations of motion are given by

FA = 2% (26ACEBDWTBZQWTD ka“‘) (B.10)
Gy = 2}: < 2e 0B ZLWiC 7] — kaT> (B.11)
NA = 24 - 745, My =6Wy — Wyo, (B.12)
o = %T T(ZZ" -Wiw), = °= %TrT“(ZTZ —wwh, (B.13)
Xt = —%T T (z¢ - wtW), = —%TrT“(CTZ —Wuwh). (B.14)

The bosonic on-shell component action is described in (2.1), (2.2), (2.3) and (2.4).

C N = 2 abelian Chern-Simons-Higgs model from ABJM

In this appendix, we see the full structure of the effective Lagrangian on polarized M2-
branes. In addition to the ansatz for the bosonic parts (4.1), we consider the following
fermionic ansatz,

A = —iwf = 54, (C.1)

where 1), is a complex two component spinor. Then the effective Lagrangian corresponding
to the ansatz (4.1), (C.1) is

ko, .
Leg = 2N(N —1) [16—%6“ Payfop — |Duf)? — i Dyap

(178 - km) i) (e -5 )ww]. (€2)

This result precisely gives N’ = 2 supersymmetric abelian Chern-Simons-Higgs model stud-

167T

ied in [15] after suitable rescaling of variables. The A/ = 2 supercharge is given by

km
q= /de [7 V4D, f - —’yowf (\f\2 >] : (C.3)
This satisfies the relation
{4, qﬁ} = _i('yu)aﬁpu - 6aﬁZ . (C.4)

Here P, is the momentum operator and Z is the central charge given by

7= [ [——a”f”!fﬁ (W——) (FDof — fDof—mm%)} (C.5)

12

where £ = —1. The central charge corresponding to the BPS configurations in section 5

is easily evaluated. The result is
Z = d*z B. C.6
el (C.6)

This correctly reproduces the energy bound discussed in section 5.
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